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Abstract— We propose a new waveform design metric called
Task-Specific Information (TSI). As its name suggests, TSI is an
information-theoretic metric formulated for a specific task or set
of tasks. For example, in this paper we consider the problem
of correctly classifying a linear system from a set of known
alternatives. The TSI metric directly quantifies information about
the hypotheses while previous information-based approaches
quantify mutual information related to potential system real-
izations. Thus the TSI framework is a more direct measure of
task-related performance. In addition, for the problem statement
considered in this paper it is possible to find a globally optimum
solution through gradient-based search techniques. We compare
the performance of TSI and conventional waveform designs.

I. INTRODUCTION

Recently, the problem of radar waveform design for im-

proved detection, parameter estimation, and/or classification

has been an intensively studied topic. One result that has

been explored recently is the one by Bell, who developed

information-theoretic principles where the waveform opti-

mization is achieved by maximizing the mutual information

between a Gaussian ensemble of extended targets and the

received signal [1]. This approach yields a spectral waterfilling

(WF) strategy for obtaining the optimum waveform’s energy

spectrum. In[2], the approach in [1] was applied to the multi-

ple target discrimination problem by defining a probability-

weighted spectral variance across the transfer functions of

the various target hypotheses and using this spectral variance

in the waterfilling operation. To the extent that accurately

estimating the target transfer function yields good detection

performance, this approach is valid. However, we are moti-

vated to find a more effective and direct information measure

optimized for the specific task of target discrimination. This

metric should be directly related to target class identification,

not necessarily to estimation of the target spectrum.

The task-specific information (TSI) concept was first pro-

posed as an analysis tool in [3][4] where it was used to

optimize features that would be extracted for the final task of

recognition in imaging systems. We now develop and apply

TSI for waveform design with the goal of discriminating be-

tween known target hypotheses. We introduce a virtual source

variable x, which is in the form of an indicator vector that se-

lects the true target transfer function from among the ensemble

of target hypotheses. The TSI formulation maximizes the mu-

tual information between the received measurements and the

source variable x rather than the measurements and the transfer

functions. If the frequency-domain vector of observations is y,

then TSI is defined by I(y;x) = H(x)−H(x|y) where H(·)
is entropy. For example, if the goal is to correctly identify

the target from among four equally likely hypotheses, then

the maximum task-specific information that can be extracted

is H(x) = 2 bits, which is consistent with the four-class

recognition problem.

We show two different simulation results to compare the

performance of TSI-based waveform design with other wave-

form design methods. The first result is generated within the

context of a cognitive radar system with the ability to update

waveform transmissions based on prior measurements. Thus,

a cognitive radar operates in a closed-loop manner. The per-

formance metric for the cognitive radar system is the average

number of illuminations required to make a decision with a

prescribed probability of error. The second result is simply

the probability of error achieved by a system performing

maximum likelihood detection based on measurements from

a single transmission.

The paper is organized as follows. In the next section, the

structure of our system measurement model is described along

with the definition of TSI and preliminaries on sequential

hypothesis testing [5][6]. In Section 3, we show the gradient

of TSI with respect to waveform frequency-domain coeffi-

cients in an energy-constrained optimization. In Section 4, the

performances of the proposed TSI-based waveform and other

waveforms are compared through computer simulation results.

Conclusions are made in Section 5.

II. SYSTEM MODEL

Consider a discrete, frequency-domain measurement model

where the lth measurement is

y(l) = w(l)g(l) + n(l). (1)

In (1), w(l) is the lth frequency-domain waveform coefficient,

g(l) is the lth target transfer function coefficient, and n(l) is

additive Gaussian noise. For measurements taken at L frequen-

cies, the L×1 measurement vector is then y = Wg+n where

y = [y(1), y(2), . . . , y(L)]T , g = [g(1), g(2), . . . , g(L)]T ,

the L×L waveform matrix W is diagonal with entries w(1),
w(2), ...w(L), and n is a vector of independent Gaussian noise

samples. For the case where we are trying to identify one of
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M known hypotheses, the target transfer function can take one

of M possible realizations. Let these known realizations be

g1,g2, . . . ,gM, and define the L ×M target transfer matrix

as G = [g1,g2, . . . ,gM]. The measurements can now be

described by y = WGx + n. The vector x is an indicator

vector {x = em|m = 1, 2, . . . ,M} where em is a vector with

a one in the mth position and zeros elsewhere. For example, if

the first hypothesis is the true hypothesis, then x = e1, which

selects the first column of G. The pdf of the measurement

vector is

p(y|x)

=
1

(2πσ2)
L
2

exp

[
− (y − WGx)T (y − WGx)

2σ2

]

=
1

(2πσ2)
L
2

exp

[
− 1

2σ2

L∑
i=1

(y(i) − w(i){Gx}(i))2
]

.

There are M possible realizations of x, one realization for

each target hypothesis. Thus, the virtual source variable x
encodes the discrimination task into the signal model. If the

hypotheses are equally likely, then the task-specific entropy

prior to taking any measurements is H(x) = log2(M) bits.

While other information-based waveform design methods are

based on the mutual information between y and the target

transfer function ensemble G, the introduction of a source

variable admits a new task-specific metric.

Using the above measurement model, TSI is defined as

TSI = I(y;x), and the optimization problem is now

max TSI = I(y;x)
s.t. T r[WWT ] ≤ Ew, (2)

where Tr[·] is the matrix trace and Ew is a constraint on the

allowable waveform energy.

A. Sequential Hypothesis Testing for Cognitive Radar

In [2], the authors propose an iterative feedback target

classification method integrated with sequential hypothesis

testing. The iterative method combined with the ability to

adapt subsequent transmissions is based on the concept of

cognitive radar, which was first described in [7]. In the

application considered in this paper, the radar’s understanding

of the scenario is quantified by knowledge of the target transfer

functions in the matrix G as well as the probability Pi

that the ith hypothesis is true. Based on this knowledge, a

customized waveform is transmitted and measurements are

collected. Based on these measurements, sequential hypothesis

testing allows for one of M+1 possible courses of action: we

can select one of the M hypotheses or we can elect to make

another transmission. If another transmission is made, then the

probabilities Pi are first updated using Bayes’ Rule, then the

updated probabilities are used to enhance the waveform design

incorporating what was learned on the prior transmission.

Define the likelihood ratio between the ith and jth hypotheses

after the kth transmission/reception as

λk
i,j =

∏
m=1,...,k p(ym|x = ei) · Pi∏
l=1,...,k p(yl|x = ej) · Pj

. (3)

In (3), ym is the measurement vector obtained from the mth

transmission, Pi is the prior probability of the ith hypothesis

prior to taking the first measurement, and the pdf’s for each

measurement are multiplied by virtue of the independence

between noise samples taken on different transmissions. If

after the kth transmission, the likelihood ratio λk
i,j is greater

than 1−Pe

Pe
for all j not equal to i, then we decide in favor of

ith hypothesis.

III. WAVEFORM DESIGN WITH TASK-SPECIFIC

INFORMATION

In the optimization problem of (2), TSI is used as the

objective function. Let TSIk be the TSI obtained due to the

kth transmission. We use a simple gradient search method to

find the waveform energy spectrum that maximizes TSI at the

kth transmission. The derivative of TSIk with respect to the

ith frequency component of kth waveform, wk(i) is [4]

∂TSIk

∂wk(i)
=

∂I(y(1:k−1);x)
∂wk(i)

+
∂I(y(1:k);x|y(1:k−1))

∂wk(i)

=
∂I(y(1:k);x|y(1:k−1))

∂wk(i)

=
∂TSIk|k−1

∂wk(i)

since the past TSI information I(y(1:k−1);x) does not depend

on the current waveform coefficient wk(i). After differentiat-

ing TSIk|k−1 with respect to wk(i) and doing some algebra,

we obtain

∂TSIk|k−1

∂W̃k

=
Wk

σ2
Ex,yk

[
p(y(1:k−1)|x) [diag{Gx} · Gx

−Ex|y(1:k)
[diag{Gx}] · Ex|y(1:k)

[Gx]
]]
(4)

where

∂TSIk|k−1

∂W̃k

=

⎡⎢⎢⎢⎢⎢⎣
∂TSIk|k−1

∂wk(1)
∂TSIk|k−1

∂wk(2)

...
∂TSIk|k−1

∂wk(L)

⎤⎥⎥⎥⎥⎥⎦ .

For numerical programming, (4) can be written as

∂TSIk|k−1

∂W̃k

=
Wk

Ntotal · σ2

∑
y0,x0

[
p(y(1:k−1)|x0) {diag{Gx0} · Gx0

−Ex|y(1:k−1),y0 [diag {Gx}] · Ex|y(1:k−1),y0 [Gx]
]

(5)
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where Ntotal is the number of Monte Carlo realizations

necessary for estimating the required expected value,

Ex|y(1:k−1),y0 [Gx] =∑M
j=1{Gej}p(y(1:k−1)|x = ej)p(y0|x = ej)P (x = ej)∑M

j=1 p(y(1:k−1)|x = ej)p(y0|x = ej)P (x = ej)
,

and diag{Gx} is a diagonal matrix including the vector

Gx on the main diagonal. Equation (4) does not include

the waveform energy constraint Ew. We next consider an L-

dimensional spherical coordinate transformation for defining

an unconstrained optimization problem.

A. L-dimensional spherical coordinate

The optimum waveform that meets the energy constraint

will lie on an L-dimensional spheroid. We can exploit this

fact by converting the waveform to an L-dimensional spherical

coordinate system according to

wk(1) =
√

Ew cos θk(1)

wk(2) =
√

Ew sin θk(1) cos θk(2)
...

wk(L − 1) =
√

Ew

L−2∏
i=1

sin θk(i) cos θk(L − 1)

wk(L) =
√

Ew

L−1∏
i=1

sin θk(i) (6)

where Ew =
∑L

i=1(wk(i))2. In the spherical coordinate

system, if we fix the energy constraint Ew, a spherical search

space is established defined by (L− 1) angles and the radius√
Ew. Alternatively, we can view the spherical coordinate

strategy as a projection of the original design parameters

[wk(1), wk(2), . . . , wk(L)]T onto the spherical surface. The

unconstrained optimization problem can be solved by a gradi-

ent search algorithm. After obtaining the optimal angles, we

convert them to the L-dimensional waveform by (6). For this

unconstrained optimization, we need to define the Jacobian

matrix

J(θ1, θ2, . . . , θL−1, Ew) =⎛⎜⎜⎜⎜⎝
∂wk(1)
∂θk(1)

∂wk(1)
∂θk(2) . . . ∂wk(1)

∂θk(L−1)
∂wk(1)
∂Ew

∂wk(2)
∂θk(1)

∂wk(2)
∂θk(2) . . . ∂wk(2)

∂θk(L−1)
∂wk(2)
∂Ew

...
...

. . .
...

...
∂wk(L)
∂θk(1)

∂wk(L)
∂θk(2) . . . ∂wk(L)

∂θk(L−1)
∂wk(L)

∂Ew

⎞⎟⎟⎟⎟⎠ . (7)

By applying (6) to (7) with the fixed energy constraint Ew,

we get the following lower diagonal Jacobian matrix,

J(θ1, θ2, . . . , θL−1) =⎛⎜⎜⎜⎜⎝
∂wk(1)
∂θk(1) 0 . . . 0
∂wk(2)
∂θk(1)

∂wk(2)
∂θk(2) 0 0

...
...

. . . 0
∂wk(L)
∂θk(1)

∂wk(L)
∂θk(2) . . . ∂wk(L)

∂θk(L−1)

⎞⎟⎟⎟⎟⎠ . (8)

We then get
∂TSIk|k−1

∂Θk
= J(θ1, θ2, . . . , θL−1)T · ∂TSIk|k−1

∂W̃k

where
∂TSIk|k−1

∂Θk
= [∂TSIk|k−1

∂Θk(1) ,
∂TSIk|k−1

∂Θk(2) , . . . ,
∂TSIk|k−1

∂Θk(L−1) ]T .

Now, we find a maximum mutual information with respect to

waveform matrix. The maximum information can be tracked

by following gradient update programming.

Θk,j+1 = Θk,j + λ

[
∂TSIk|k−1

∂Θk

]
j

(9)

where Θk,j = [θk,j(1), θk,j(2), . . . , θk,j(L)]T and 0 ≤
θk,j(l) ≤ π/2 where k is an illumination index which is used

by sequential hypothesis test algorithm and j is an update-

index of the gradient search method. This gradient update

method is an unconstrained optimization since the energy

constraint is already applied in the Jacobian matrix.
∂TSIk|k−1

∂Θk

is defined only on the energy constrained sphere. θk,j(l) is a

non-negative angle less than or equal to π/2 due to the global

optimality characteristic of TSI approach. In the next section,

we see that this simple gradient search method can find the

global optimum of the TSI objective function.

B. Global Optimality

An important feature of the TSI-based waveform design

metric is the ability to find a global maximum. Though we will

see that there exist many local maxima, all of the maxima have

the same TSI value. In the L-dimensional spherical region,

we have 2L quadrants and each quadrant has always one

local maximum. The waveform parameters [wk(1), wk(2),
. . . , wk(L)]T are all positive in the first quadrant, and the other

quadrants vary only by sign changes of waveform parameters.

Our results indicate that the waveform coefficients’ individual

signs are not relevant to the optimal solution; only the energy

allocated to each frequency coefficient is important. Figure

1 shows an example of TSI evaluated over the entire design

space. In Figure 1, the waveform is defined by only three

coefficients (L = 3) and there are four equally likely target

hypotheses. The maximum TSI possible is two bits, and the

waveform design space is a sphere with radius
√

Ew. Thus, the

waveform design is defined by two angles that define a point

on the sphere. TSI is shown versus those angles in Figure

1. Each quadrant has only one optimum and we have eight

symmetric quadrants in Figure 1. In the next section, we search

the first quadrant for the optimal waveform and compare the

performance with other waveform designs.

IV. SIMULATION RESULT

In this section we present simulation results that indicate the

potential benefit of using TSI as a waveform design metric.

We first evaluate the average number of transmissions required

to achieve target classification based on multiple transmissions

that are optimized in response to prior measurements. Figure 2

shows the average number of transmissions for the TSI-based

waveform, an information-based waveform where the mutual

information metric is between the received measurements and

the variance of the target transfer functions (labeled as the

waterfilling waveform), and a wideband waveform (energy
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Fig. 1. Plot of TSI on the feasible energy region

allocation is equal across all coefficients). The probability

of error used to define the sequential testing thresholds was

Pe = 0.1, and the number of target hypotheses was M = 4.

The waveform dimension was L = 10, the measurement noise

energy was σ2 = 1, the waveform energy allocation varied

from 10−2 to 101 and 100 deterministic target sets are used for

the mean number of illumination. The target transfer functions

were randomly generated, but once generated were treated

as known for the duration of the classification experiment.

Both the TSI-based waveform and the waterfilling waveform

outperform the wideband waveform. This fact is easy to

understand since these two waveforms are the only ones

that take target characteristics into account. The TSI-based

waveform requires the fewest number of illuminations among

the four waveforms. Figure 2 shows benefit in the introduction

of task-specific source variables that are used directly in the

optimization metric. However, a more striking performance

difference is seen in Figures 3, 4, and 5. Figures 3 and 4

show results for 10-tap and 5-tap waveforms, respectively, with

non-colored target sets that are randomly generated. Figure 5

shows the result for 10 tap waveform with colored target sets.

The result of colored deterministic target sets shows the wider

performance gap in the plot. In this case, each waveform is

calculated once, a single transmission is made, and because the

hypotheses are equally likely, decisions are based on maximum

likelihood detection.

V. CONCLUSION

A new waveform design method based on the concept of

task-specific information is introduced. To evaluate TSI, it is

necessary to introduce source variables that directly encode the

task at hand. For example, in the M-class identification prob-

lem, the source variable is an indicator vector that takes one

of M possible realizations. By optimizing over the mutual in-

formation between the measurements and this source variable

rather than the mutual information between the measurements

and target transfer functions, it is possible to further improve

performance beyond what has been demonstrated in earlier

work. The TSI-based objective function has a single maxima

in each quadrant, and we showed that we need only search

over a single quadrant of the design space; thus, gradient-
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Fig. 2. Performance comparison of various waveform design methods in
cognitive radar system in case of 10-tap waveform
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based search techniques lead to a globally optimum solution.

The performance improvement of the TSI-based approach is

evident in our simulation results.
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